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CHAPTER 1

Introduction

1.1 Background

Topology is a spatial mathematics also know as topological space. Topological
space is defined as a family of sets. Members of the family are considered open set
and have the closure property under any unions (finite unions, countable infinite unions
and uncountable infinite unions) and finite intersection [16].

Ideal topology is a topological space that contains the additional structure and it
is defined as ideal. Kuratowski [13] had proposed the concept of local function in
ideal topological space. Kuratowski’s concept of operators plays an important role in
defining the ideal set of topological space which has the application of localization
theory. In the set of topology is defined by Vaidynathaswamy [22]. Later, Jankovic
and JHamlett [9] studied the properties of the ideal set in the topological space and
introduced the ideal set in other topological spaces by using the a-local function to
define the Kuratowski closure operator in a new topological space.

Then in 1996, H. Maki, J. Umehara and T. Noiri [11] defined the minimal structure
and studied the properties of this structure, as m is the family of sets. And is the
subset of the power set of X, will call (X, m) as the minimal structure space only
when there is an empty set and X is a member of m.

In 1945, Vaidyanathaswamy [21] defined the local function in the ideal topological
space and studied the properties of this function. Then 2010, Khan M. and Noiri
T [12]. defined the semi-local functions in ideal topological space, and also studied
properties of such functions.

In 2014, Al-Omeri, along with team [2], has defined the a-local function in the
ideal topological space and also studied properties of a-local function.

Later in 2016, Al-Omeri, along with the team [3], defined the },-operator in ideal
topological space and studied the properties of this operator.

Therefore, the researcher is interested in studying the a-m-local functions and the

¢ -operators in minimal structure spaces, along with studying some properties related



to the a-m-local function and the R¢ -operator defined above.

1.2

Objective of the research

The purposes of the research are:

l.

1.3

1.4

\®)

|9S)

N

To define and study some properties of a-m-local function in minimal structure

spaces with ideals.

. To define and study some properties of R,-operator in minimal structure spaces

with ideals.

Research process

. Study and research related documents, reference documents.

. Write a thesis outline and ask the thesis advisor to check and apply for

improvement.

. Presenting the outline to the thesis examination committee.
. Improve, edit the layout and present to the graduate school.
. Study thesis.

. Present the thesis to the advisor.

. Organize thesis books.

. Thesis examination:

Expected results from this research

Define a-m-local function in minimal structure spaces with ideals.
Define ¥t/ -operator in minimal structure spaces with ideals.
Some properties of a-m-local function in minimal structure spaces with ideals.

Some properties of R¢ -operator in minimal spaces structure spaces with ideals.



CHAPTER 2

Preliminaries

In this chapter, we will give some definitions, notations, dealing with some preliminaries

and some useful results that will be duplicated in later chapter.

2.1 Topological Spaces

The essential properties were distilled out and the concept of a collection of open sets,

called a topology, evolved into the following definition:

Definition 2.1.1. [1] Let X be a set. A topology 7 on X is a collection of subsets

of X, each called an open set, such that
1. § and X are open sets.
2. The intersection of finitely many open sets is an open set.
3. The union of any collection of open sets is an open set.

The set X together with a topology 7 on X is called a topological space, denote
by (X, 7).

Thus a collection of subsets of a set X is a topology on X if it includes the empty
set and X, and if finite intersections and arbitrary unions of sets in the collection are

also in the collection.

Definition 2.1.2. [1] Let X be a set and 5 be a collection of subsets of X. We say

B is a basis (for a topology on X) if the following statements hold:
1. For each z in X, there is a B in  such that z € B.

2. If By and B; are in § and @ € By N Bs, then there exists B3 in [ such that
x € Bg Q Bl N BQ.

Definition 2.1.3. [1] A subset A of topological space X is closed if the set X \ A is

open.



Theorem 2.1.4. [1] Let X be a topological space. The following statements about the

collection of closed sets in X hold:
1. ) and X are closed.
2. The intersection of any collection of closed sets is a closed set.
3. The union of finitely many closed sets is a closed set.

Definition 2.1.5. [1] Let A be a subset of a topological space X. The interior of
A, denoted Int(A), is the union of all open sets contained in A. The closure of A,
denote C(A), is the intersection of all closed sets containing A.

Clealy, the interior of A is open and a subset of A, and the closure of A is closed
and contain A. Thus we have the aforementioned set sandwich, with A caught between

an open set and a closed set: Int(A) C A C CI(A).
Theorem 2.1.6. [1] Let X be a topological space and A and B be subsets of X.
1. If U is an open set in X and U C A, then U C Int(A).
2. If C is an closed set in X and A C C, then CI(A) C C.
3. If A C B then Int(A) C Int(B).
4. If A C B then CI(A) C CU(B).
5. Ais open if and only if A = Int(A).
6. A is closed if and only if A = CI(A).

Theorem - 2.1.7. [1] For sets A and B in _a topological space X, the following

statements hold:
1. Int(X \ A) = X \ CI(A).
2. CUX\ A) = X\ Int(A).
3. Int(A) U Int(B) C Int(AU B), and in general equality does not hold.

4. Int(A) N Int(B) = Int(AN B).



Definition 2.1.8. [9] An ideal .# on a topological space (X,7) is a nonempty

collection of subsets of X which satisfies the following conditions:
1. A€ # and B C A implies B € .Z.
2. A€ . and B € .Z implies AUB € .#.
Definition 2.1.9. [19] Let X be a topological space and A be subset of X.

1. A is said to be regular open if A = Int(CIl(A)).

2. Ais said to be regular closed if A= Cl(Int(A)).
2.2 Local Function

Definition 2.2.1. [9, 21] An ideal topological space is a topological space (X,7)
with an ideal .# on X and if P(X) is the set of all subsets of X, a set operator
() : P(X) — P(X), called a local function of A with respect to 7 and .# is
defined as follows: for A C X, A*(S,7) = {x €¢ X : UNA ¢ Z, for every
Uer(x)} where 7(z) ={U e 7: 2 € U}.

Lemma 2.2.2. [21] Let (X, 7,.#) be an ideal topological space, and A, B C X. Then

the following properties hold:
1. If A C B, then A* C B*.
2. IfU er,then UNA* C(UNA)*.
3. A*=CI(A*) C Cl(A).
4. (AUB)* = A*UB*.

5. (AnB)* € A*UB".
2.3 a-Local Function

Definition 2.3.1. [22] Let (X, 7) be a topological space and A C X.

1. A is called d-open if for each x € A, there exists a regular open set G such that
x € G C A. The complement of §-open is called d-closed. The collection of all
d-open sets in X is denoted by dO(X).



2. A point = € X is called a d-cluster point of A if Int(CI(U))N A # () for each

open set U containing x.

3. The set of all J-cluster points of A is called the §-closure of A and is denoted

4. The set d-interior of A is denoted by Ints(A), Ints(A) = U{U : U is a regular
open set, U C A}.

Theorem 2.3.2. [22] Let (X, 7) be a topological space and A C X. A is J-open if
and only if Ints(A) = A.

Definition 2.3.3. [5, 6] Let (X, 7) be a topological space and A C X.
1. A is said to be a-open if A C Int(Cl(Ints(A))).
2. A is said to be a-closed if Cl(Int(Cls(A))) C A.
3. The family of all a-open sets of X, denoted by 7¢.
4. The collection of all a-open sets containing « in X is denoted by 7%(x).

5. The intersection of all a-closed sets containing A is called a-closure of A and

is denoted by aCl(A).

6. The a-interior of A, denoted by aInt(A), is defined by the union of all a-open

sets contained in A.

Definition 2.3.4. [2] Let (X, 7,.#) be an ideal topological space and A be a subset
of X. Then A" (#,7) ={x € X :UNA ¢ &, for every U € 7%(x)} is called a-local
function of A with respect to .# and 7. We denote simply 4% for AY (.7, 7).

Remark 2.3.5. [2]

1. The minimal ideal is {(} in any ideal topological space (X,7,.#) and the
maximal ideal is P(X). It can be deduced that A% ({(}) = aCI(A) # CI(A)
and A* (P(X)) =0 for every A C X.

2. If A e .7, then A = ().



3. Neither A C A% nor A” C A in general.

Theorem 2.3.6. [2] Let (X, 7,.#) be an ideal topological space and A, B be subsets

of X. Then for a-local functions the following properties hold:
1. N7 =1.
2. If J € 7 then alnt(J) = 0.
3. For every G € 7% then G C G
4. X = X,

Theorem 2.3.7. [2] Let (X, 7,.#) be an ideal topological space and A, B subsets of

X. Then for a-local function the following properties hold:

1. (0)* =0.

2. If A C B, then A C B*".

3. For another ideal .¥ C # on X, A% ( 7 ,7) C A" (., 7).
4, A” CaCl(A).

5. A (S, 1) = aCl(A") C aCl(A) (.e A” is an a-closed subset of aCl(A)).
6. (A" C A7,

7. (AUB)Y =A% U B,

8. AY\ B" = (A\ B)¥ \ B C(A\B)* .

9. If U € 7%, then UNA* =UN(UNA)T C(UNA)™.
10. f U € .7, then (A\U)¥ C A = (AUU)*.

11. If A C A%, then AY(F,7) = aCl(A? )= aCI(A).

Theorem 2.3.8. [2] Let (X, 7) be a topological space, .# and ¢ be ideals on X and
let A be a subset of X. Then the following properties hold:

I.If & C ¢, then A (7, 7) C A” (.S, 7).



2.1 A (I N F),7)=A" (I, 7)UAY (_Z,7T).

Lemma 2.3.9. [2] Let (X, 7,.#) be an ideal topological space. If U € 7%(x), then
UNAY =UNUNA C(UNA) for any subset A of X.

Definition 2.3.10. [2] Let (X, 7,.#) be an ideal topological space. Then 7 is said
to be a-compatible with respect to ., denoted by .# ~* 7 if and only if, for every
x € A there exists U € 7%(z) such that UN A € .7, then A € .Z.

Theorem 2.3.11. [2] Let (X, 7,.#) be an ideal topological space and A a subset of

X. Then the following are equivalent:
1. &~

2. If a subset A of X has a cover a-open sets of whose intersection with A is in

&, then A is in .Z.
3. Forevery AC X,if ANAY =0, A€ .7,
4. Forevery AC X, A\ A € .Z.

5. For every A C X, if A contains no nonempty subset B with B C B®, then
Aec S,

Theorem 2.3.12. [2] Let (X, 7,.#) be an ideal topological space and A a subset of

X. if 7 is a-compatible with .#, then the following are equivalent:
1. For every A C X, if AN A% = () implies A% = .
2. For every AC X, (A\ AY)* = 0.

3. For every A C X, (AN A% = A%,
24 On R,-Operator In Ideal Topological Spaces

In this section we shall introduce the operator R, in (X, 7,.#). Kuratowski has shown
that CI(A) = X \ Int(X \ A). This relation is the motivation of defining the operator

R,. We shall also discuss the behaviour of this operator.



Definition 2.4.1. [3] Let (X,7,.#) be an ideal topological space. An operator
R, : P(X) — 7% is defined as follows: for every A € P(X),

Ra(A) = {z € X : there exists U, € 7* such that U, \ A € .Z}.

Theorem 2.4.2. [3] Let (X,7,.#) be an ideal topological space. Then for A €
P(X),Ra(A) = X\ (X A)"".

Theorem 2.4.3. [3] Let (X, 7,.#) be an ideal topological space. Then the following

properties hold:

1. If AC X, then R,(A) is a-open.

2. If AC B, then R,(A) C R.(B).

3. If A,B € P(X), then R,(ANB) =R,(A) NR.(B).

4. If U € 7%, then U C R, (V).

5. If AC X, then R,(A) C R, (R, (A)).

6. If A C X, then R,(A) = R, (R,(A)) if and only if (X \ A)¥ = (X \ A)+)*".
7. If A€ #, then R,(A) = X \ X¢.

8. If A C X, then AN Ry(A) = Int” (A), where Int®" is the interior of 7¢".
9. f ACX,J € 7, then R, (A\ J) =R.(A).
10. If AC X, Je .#, then R, (AU J) = R,(A).
11. If (A\ B)U(B\ A) € .4, then R,(A) = R,(B).
12. If A, B.e P(X), then R,(ANB) C Ry(A) UR.(B).

Corollary 2.4.4. [3] Let (X,7,#) be an ideal topological space. Then U C R,(U)

for every a-open set U.

Theorem 2.4.5. [3] Let (X, 7,.#) be an ideal topological space and A C X. Then

the following properties hold:

1. Ro(A) = {z € X : there exists U, € 7%(z) : U, \ A € I}
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2. R, (A)=u{Uer:U\Aec I}

Remark 2.4.6. [3] Let .# = {0}, then R, (A) = H{U € 7 : U\ A =0} = U{U €
79 : U C A} = alnt(A), for any space (X, 7).

Theorem 2.4.7. [3] Let (X, 7,.%) be an ideal topological space and A C X. Then for
any a-open set A of X, R, (A)=U{U 7r*: (U\A)UA\U) € 7}.

2.5 Minimal Structure

Definition 2.5.1. [17] Let X be a nonempty set and P(X) the power set of X. A
subfamily m of P(X) is called a minimal structure (briefly MS) on X if ) € m
and X € m.

By (X, m), we donote a nonempty set X with a minimal structure m on X and it
is called a minimal structure space. Each member of m is said to be m-open and the

complement of m-open is said to be m-closed.

Definition 2.5.2. [17] Let (X,m) be a minimal structure space and A C X, the
m-closure of A denoted by C1,,(A) and the m=interior of A denoted by Int,,(A),

are defined as follows:
. Cl,(A)=({F:ACF,X\F €m}.
2. Int,,(A) = U{U : U C A,U € m}.

Lemma 2.5.3. [14] Let (X,m) be a minimal structure space and A, B C X, the

following properties hold:
1. ClL, (X \ A) =X\ Inty(A) and Int,, (X \A) = X\ Cl,,(A).
2. if X \ A€ m, then Cl,,(A) = A and if A€ m,then Int,;(A) = A.
3. Cln(0) =0, Clo(X) = X, Int,(0) = 0 and Int,,(X) = X.
4. if A C B, then Cl,,(A) C Cl,,(B) and Int,,(A) C Int,(B).
5. ACCl,,(A) and Int,,(A) C A.

6. Cl(Cly(A)) = Cln(A) and Int,,(Int,,(A)) = Int,(A).
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Lemma 2.5.4. [14] Let (X, m) be a minimal structure space and A C X. Then

x € Cl,,(A) if and only if U N A # () for every an m-open set U containing .
Definition 2.5.5. [7] Let (X, m) be a minimal structure sapce and A C X.

1. A is called m-regular open if A= Int,,(Cly,(A)).

2. A is called m-regular closed if X \ A is m-regular open.

The family of all m-regular open sets of X denoted by r(m) and the family of all

m-regular closed sets of X denoted by r¢(m).

Definition 2.5.6. [18] An ideal .# on a minimal structure space (X, m) is a nonempty

collection of subsets of X which satisfies the following properties;
1. A€ # and B C A implies B € .#. (heredity)
2. Ae Z and B € .7 implies AU B € .#. (finite additivity)

The set .# together with a minimal structure space (X, m) is called a minimal

structure space with an ideal, denote by (X, m,.7).



CHAPTER 3

a-m-Local Function and X! -Operator

In this section, we introduce the concepts of d-m-open sets and a-m-open sets in
a minimal structure space with an ideal and study some fundamental properties.
Moreover, we introduced notion of a-m-local function and ¥ -operator in a

minimal structure space with an ideal. Some properties of their are obtained.

3.1 oJ-m-open set and a-m-open set

Definition 3.1.1. Let (X, m) be a minimal structure space and A C X.

1. A is called §-m-open if for each x € A there exists an m-regular open set
G such that € G C A. The family of all j-m-open sets of X denoted by
00, (X).

2. The complement of j-m-open is called d-m-closed. The family of all §-m-closed

sets of X denoted by dC,,(X).

3. A point x € X is called a d-m-cluster point of A if UN A # () for each

m-regular open set U containing .

4. The set of all J-m-cluster points of A is called the 6-m-closure of A and is

denoted by Cs,,(A).

5. The set d-m-interior is denoted by Is.,(A) = |J{U : U is m-regular open and
U.C A}.

Theorem 3.1.2. The arbitrary union of d-m-open sets is an d-m-open set.

Proof. Let B, be an ¢-m-open set for all o € J where J is an index set and let

RS U B,. There exists 3 € J such that x € Bs. Since By is d-m-open, there exists

acJ
m-regular open G such that v € Gz C Bg. Then x € Gg C Bg C U B, . Therefore
acJ
U B, is d-m-open. [

aed

12
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Theorem 3.1.3. Let (X,m) be a minimal structure space and A C X. Then A is

d-m-open if and only if I, (A) = A.

Proof. (=) Suppose that A is d-m-open. By definition of §-m-interior, I5,,(A) C A.
Let + € A. Since A is 0-m-open, there exists m-regular open O such that
x € O C A. This implies that x € I,,(A). Then A C Iy,,(A). Hence A = I5,,(A).

(«<=) It follows from Theorem 3.1.2. N

Theorem 3.1.4. Let (X,m) be a minimal structure space and A, B C X. The

following property hold;
1. If A C B, then Is,,(A) C Is,,(B).
2. If A C B, then Cy,,,(A) C Cyn(B).

Proof. 1. Assume that A C B and x € I5,,(A). Then, there exists m-regular open
G such that x € G C A. Since A C B, we have z € G C A C B. This implies
that = € I5,(B). Hence I5,(A) C Ism(B).

2. Let A C B. Assume that x ¢ Cj,,(B). Then there exists m-regular open U
containing x such that U N B = (). Since A C B, we have UNACUNB = (.
Thus © ¢ Cs,,(A). Therefore Cy,(A) € Cs,(B). O

Theorem 3.1.5. Let (X, m) be a minimal structure space and A C X. The following

property hold;
L Csm(A) = X\ Lsm (X \VA).
2. Isp(A) = X\ Copn (X \ A).

Proof. 1. We will show that Cy,,(A) € X \ 5, (X \ A). Assume that Cj,,(A) €
X\ Ism(X \A). Then there exists 2 € Cy,,(A) such that ¢ X \ I, (X \ A).
We get that © € I5,(X \ A). So there exists m-regular open G such that
reGC X\A, we getthat GN(X\A) =G. Then GNA = (GN(X\A))NA =
GN((X\A)NA) =GN = 0. Since x € Cs,,(A), GNA # (). Tt is contradiction.
Thus Csp,(A) € X\ I (X \ A).
Next, we will show that X \ 15, (X \ A) C Csn(A). Assume z € X \ 5, (X \ A)
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and = ¢ Cy,,(A). Since z € X \ I (X \ A), then = ¢ I5,(X \ A). Since
x ¢ Cspn(A), then z is not J-m-cluster point of A. There exists m-regular open G
containing z such that GNA = (). Soz € G C X\ A, we get that z € I, (X \ A),
which contradicts with @ & Is,, (X \ A). Thus X \ 15, (X \ A) C Cs.(A).

2. Since X \ A C X, then by 1, we have Cs,,,(X \ A) = X \ L5, (X \ (X \ A)), we
get Cs (X \A) = X \ Is,,(A). Therefore I5,,(A) = X \ Csn(X \ A). O

Definition 3.1.6. Let (X, m) be a minimal structure space and A C X.

1. A is called a-m-open if A C Int,,(Cly,(I5m(A))). The family of all a-m-open
sets of X denoted by .Z°.

2. A is called a-m-closed if Cl,,(Int,,(Csn(A))) C A.
3. The family of all a-m-open sets containing x in X is denoted by .Z“(z).

Definition 3.1.7. Let (X,m) be a minimal structure space and A C X, the a-m-
closure of A denoted by aC,,(A) and the a-m-interior of A denoted by al,,(A), are

defined as follows:
l. aCp(A)=({F: X\ Fe€.#and AC F}
2. al,(A)=\{U:U € #*and U C A}.

Example 3.1.8. Let X = {a, b, ¢, d} with a minimal structure
m = {0,{a,b},{bsc}, {¢c,d},{a,d}, X}.
Then 7(m) = {0, {a,b},{a,d},{b, ¢}, {c,d}, X},
and 00,,(z) = {0, {a, b}, {a,d}, {b,c}, {c, d},{a,b,c}, {a,b, d}{a, e, d}, {b,c, d}, X},
M = {0,{asb},{a,d}, {b,e},{c,d},{a,b,c}, {a,b;d},{a,c, d},{b, e d}, X}.
In this example {a,b} , {a,d} € .#*but {a,b}N{a,d} = {a} ¢ #*. Thatis, #*

doesn’t have the property that any finite intersection of a-m-open sets is a-m-open.

Theorem 3.1.9. Let (X,m) be a minimal structure space and A C X. Then z €

aCy,(A) if and only if U N A # () for every a-m-open set U containing z.

Proof. (=) Suppose that U be a-m-open containing = such that U N A = (. So

A C X\U and X\U is a-m-closed. Since aC,,(A) is the intersection of all a-m-closed
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sets containing A, then aC,,(A) C X \ U. Since = ¢ X \ U, we have = ¢ aC,,,(A).
(«<=) Assume that © ¢ aC,,(A). Then there exists a-m-closed F' such that A C F

and x ¢ F. Choose U = X \ F. Then U = X \ F' is a-m-open and x € X \ F' = U.

Moreover, UN A = (X \ A)n A4 = 0. O

Theorem 3.1.10. Let (X ,m) be a minimal structure space and A, B C X. The

following property hold;
1. If AC B, then aC,,(A) C aC,,(B).
2. If AC B, then al,,(A) C al,,(B).

Proof. 1. Let A C B and = ¢ aC,,(B). Then there exists a-m-open U containing
x such that U N B = (). Since A C B. So UN A = (). Hence = ¢ aC,,(A).

2. Let AC Band x € al,,(A). Then there exists a-m-open U such that z € U C A.
Since A C B, x € U C B. Therefore x € al,,(B). O

Proposition 3.1.11. Let (X, m) be a minimal structure space. Then () € .#Z“ and
X e

Proof. Since () C Int,,(Cl,,(I5,(0))). Then () is a-m-open, and so () € .Z°.
Clearly X = Int,,(Cl,,(X)), so X is m-regular open set. Then X be J-m-open
too, that is 5, (X) = X, X C Int,,(Cly,(Ism(X))). Therefore X € .#°. O

Theorem 3.1.12. Let (X, m) be a minimal structure space, then the arbitrary union of

elements of .Z“ belong to .#“.

Proof. Let V,, be a-m-openfor all & € J and G = U V. Then V, C Int,,,(Cly,(Ism(Va)))

a€eJ

for all o« € J. <Since V, C G, I5;,(Va) € I5,(G), and so. Cl,(sn(Va)) C
Clin(Ism(G)). Then Int,,(Cly,(Ism(Va))) € Inty,(Cl,(Isn(G))). This implies that
Vo € Inty(Cly(Isn (@) for all @ € J. Thus | J Vi C Inty(Cly(Ism(G))).

aed

Therefore G' C Int,,(Cl,,(Ism(G))). O

Lemma 3.1.13. Let (X,m) be a minimal structure space. Then the arbitrary

intersection of a-m-closed sets is an a-m-closed set.
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Proof. Let G, be a-m-closed for all & € J. Then X \ G, is a-m-open and so
U (X' \ Ga) is a-m-open. Since X \ ﬂ G, = U (X\Ga), ﬂ G4 is a-m-closed. [

acJ acd acJ acJ
Remark 3.1.14. In a minimal structure space, by Lemma 3.1.13, aC,,(A) is a-m-

closed.

Theorem 3.1.15. Let (X, m) be a minimal structure space and A C X. The following

property hold;
1. aCp,(aCp(A)) = aCp,(A).
2. al,(aln(A)) = al,(A).

Proof. 1. Clearly aC,,(A) C aCp(aCp(A)). Since aC,,(A) is a-m-closed, then
aCp,(aCp(A)) C aC,,(A). Therefore aC,,(aC,,(A)) = aCp(A).

2. Clearly aly(al,,(A)) C al,(A). Since al,,(A) is a-m-open, then al,,(A) C
aly(al,(A)). Therefore al,,(al,,(A)) = al,,(A). O

3.2 a-m-Local Function in Minimal Structure Spaces with Ideals

Let (X, m,.#) be a minimal structure space with an ideal and .#“(z) = {U : x €

U,U € #"} be the family of a-m-open sets which contain a point x € X.

Definition 3.2.1. Let (X,m,.#) be a minimal structure space with an ideal and

A C X. Then
As (I m)y={z e X :UNA¢&.Z, forevery U € .M (z)}

is called a-m-local function of A with respect to .% and m. We denote simply A%

for A% (.7, m).

Remark 3.2.2. 1. The minimal ideal is {()} and the maximal ideal is P(X) in
any minimal structure space with an ideal (X,m,.#). It can be deduced that

AL ({0}, m) = aC,,(A) and A% (P(X),m) = () for every A C X.

2. AZ A% and A% ¢ A, in general.
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Example 3.2.3. Let X = {a,b, c,d} with a minimal structure

m = {0,{a,b},{b,c}, {c,d}, {a,d}, X} and & = {0, {a},{b},{a,b}}, A ={a,b}.
Then .#* = {0),{a,b},{a,d}, {b,c}, {¢,d}, {a,b,c}, {a,b,d},{a,c,d},{b,c,d}, X}
and A% = ().

Example 3.2.4. Let X = {a,b, c,d} with a minimal structure

m = {0,{a,b};{b,c},{c,d},{a,d}, X} and & = {0, {a}, {b},{a,b}}, A= {c, d}.
Then .#* = {),{a,b},{a,d}, {b,c},{c,d},{a,b,c}, {a,b,d},{a,c d},{b,c,d}, X}
and A% = {c,d}.

Theorem 3.2.5. Let (X, m,.#) be a minimal structure space with ideal and A, B C X.

The following properties hold;
1. (D)2 =0.
2. If A C B, then Afrt C B,‘j;.
3. For another ideal _# on X such that .# C ¢ then A% (_#,m) C A% (&, m).
4. A% C aC,,(A).
5. A% = aC,,(A%), (i.e., A% is a-m-closed ).
6. (A7,)5 € A7
7. A UB* C (AUB)%.
8. (AN B)s C AY N BY.
9. (A\ B)i, \'By, S AL\ By
10. If A € &, then A% = ().
11. If U € .7, then A%, = (AL U)2 .
12. If U € .7, then A% = (A\ U)%.

Proof. 1. Assume ()% # (), then there exists = € ()% . Since X € .#%(x),

m

XN(¢ 7. Itis a contradiction with X N() = () € .#. Therefore (0)¢ = 0.
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11.

. Assume that z € (A%)%
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. Assume that A C B. We will show that A% C B%. Suppose that x ¢ B®.

Then there exists U € .#®(x) such that U N B € .. From A C B and the
property of ., UN A € .#. Therefore x ¢ A% .

. Assume that ¢ isideal suchthat .¥ C Z andz € A% (_#,m), then UNA ¢ ¢

for every U € . “(x). This implies that U N A & .Z for every U € .#*(x), so
x € A% (S, m). Hence A% (_#,m) C A% (F,m).

. Assume that © ¢ aC,,(A). Then there exists a-m-closed F' such that A C F' and

r ¢ F. Thus z € X \ F, and so X \ F € .#"(x). Hence (X\F)NA=0¢€ .7,
and so z ¢ A% . This implies that A% C aC,,(A).

. It is clear that A% C aC,,(A%). Next, we will prove that aC,,(A%) C A%,

Let z € aC,,(A%) and U € .#*(x). Then A% NU # (). Therefore there exists
ye A2 NU, so U € .#%y). Since y € A2 ANU ¢ #, and so z € A% .
Hence we have aC,,(A%) C A% and aC,,(A%) = A2 .

@ and U € #*(x). Then A% NU ¢ .# and so
AY NU # (). Thus there exists y € A% MU, and so y € U € .#°(y). This
implies that ANU ¢ .#. Therefore, x € A% .

Since AC AUB and B CAUB, by 2, A% C (AUB)% and B% C (AUB)®.
So A% UB% C (AU B)%.

Since ANB CAand ANB C B, by 2, (ANB)% €A and (ANB)% C BY.
So (AN B): € A% N By
Since A\ B C A by 2, then (A\ B)% C A% . So (A\ B)?, \ B. C A% \'BY .

Assume that A% # (. Then there exists # € A% . Since X € .#%(x), A =
XNA¢ 7.

Assume that U € .#. Since A C AUU, by 2, we get A2 C (AUU)%. Next,
we will prove that (AU U)% C A% . Suppose that z ¢ A% . Then there exists
V € #*(x) such that ANV € .Z. Since (AUU)NV = (ANV)U(UNV) € .7,
then (AUU)NV € #. Therefore x ¢ (AUU)% .
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12. Assume that U € .. Since A2 = (AN X)Y = (AN((X\U)ul))s =
(A\NU)U(ANU))Y and ANU CU € .# by 11, then A% = (A\U)%. O

m

Definition 3.2.6. Let (X, m,.#) be a minimal structure space with an ideal, the

closure operator of A denoted by aC (A) where aC,(A) = AU A% .

Theorem 3.2.7. Let (X, m,.#) be a minimal structure space with an ideal where

aCr (A) = AUA® and A, B C X. Then
1. aC3 (0) = 0.
2. ACaCh(A).
3. aCk (A)UaCs (B) C aCr (AU B).
4. aC} (A) CaCs (aC(A)).
Proof. 1. By Theorem 3.2.5(1), we get that aC* () = § U (P)2 = 0.
2. Since AC AU A% = aC} (A), so A C aC* (A).

3. aCr(A) UaCr(B) = (AUAY)U (BUBY) = (AUB) U (A% U B%) C
(AUB)U(AUB)™ = aC (AU B)

4. aCr(A) = AU A%. By Theorem 3.2.5(6 and 7), we get that A U A% =
(AUAR) U (A7) U (AR)5) € (AU AL U (AU ARG = aCrr (AU AT
Therefore aC? (A) C aC? (aC (A)). O

Lemma 3.2.8. Let (X, m,.¥) be a minimal structure space with an ideal and A, B C

X. Then
1. If A C B, then aC} (A) C aC, (B).
2. aCl (AN B) CaCr (A)YNaCy (B).

Proof. 1. Assume that A C B. By Theorem 3.2.5(2), we get that aC} (A) =
AU A% C BUB® =aC; (B).

2. Since ANB C Aand AN B C B, by 1, we get that aC,(AN B) C aC},(A)N
aC? (B).
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Definition 3.2.9. Let (X, m,.#) be a minimal structure space with an ideal and
A C X. Then .#Z“ is said to be compatible with respect to ., denoted by A * ~ &
if, for each A C X, = € A there exists U € .#*(x) such that U N A € .Z, then
Aec J.

Theorem 3.2.10. Let (X, m,.#) be a minimal structure space with an ideal and A

subset of X. Then the following are equivalent:
1. A~ 7.

2. If a subset A of X has a cover a-m-open sets of whose intersection with A is

in .7, then A is in .#, in other words A% = (), then A € .Z.
3. Forevery AC X,if ANA% =0, Ac 7.
4, Forevery AC X, A\ A% € 7.

5. For every A C X, if A contains no nonempty subset B with B C Bﬁ; , then
Ae 7.

Proof. (1) = (2) The proof is obvious.

(2) = (3) Let A C X and v € A. Then x ¢ A% and there exists U € .#%(x)
such that UM A € .#. Since A has a cover A C |J{U € .#"(z) : v € A}, by 2,
Ac S,

(3) = (4) Let A C X. We observe that A\ A% C A and by Theorem 3.2.5(2)
(A\ Az)a € A2, So (A\A2)e N (A\AY) C (A\ A2)N AY = (). Then
(A\ A% N(A\ A2)) =0. By 3, then A\ A% € 4.

(4) = (5) Lett A € X. By 4, then A\ A2 € #. We observe that A =
(A\ A2)U (AN AL) and by Theorem 3.2.5(11), then A% = (AN A%)%. So, we get
that A2 NA=(ANA%)2 N A, then A2 NAC(ANA2). Since (AN AL) C A,
and by assumption A N A2 = (), then A contains no nonempty subset. Therefore
A\ A® = A, by 4, then A € .7.

(5) = (1) Let A C X. Assume that for every x € A, there exists U € .#*(x)
such that UN A € .#. Then AN A% = (). Since by Theorem 3.2.5(2), we get that

(A\ A2)a C A% then (A\ A%)% N(A\ A2) C (A\ A%) N A% = (. Next,

m m?
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we will show that A\ A% contains no nonempty subset B with B C B2 . Suppose
that B C A\ A% such that B C B% and B # (. Since B C A\ A% , then
B® C (A\ A2)%. Thus B = BNBY C (A\ A%)N (AN A%)® = (. This is a

contradiction. By 5, A\ A% € .# and Hence A = AN (X \ A%)=A\A? € #. [

Theorem 3.2.11. Let (X, m,.#) be a minimal structure space with an ideal and let
(AN A2)a =A% for all A C X. Then, for any A C X, AN A% = () implies that
AT — g,

Proof. Let A C X be such that AN A% = (). By using the assumption, we have
A% = (AN A2)e = () = 0. O

Theorem 3.2.12. Let (X, m,.#) be a minimal structure space with an ideal, then the

following properties are equivalent:
1. 4N I ={0}.
2. If J € #Z, then al,,(J) = 0.
3. X = X2

Proof. (1) = (2) Let #*N ¥ = {(} and J € #. Suppose that = € al,,(J). Then
there exists U € .#“ such that z € U C J. Since J € .# and hence ) # {z} C U €
AN 7. This is a contradiction that .#Z* N ¢ = {0}. Therefore al,,(J) = 0.

(2) = (3) Clearly X2 C X.

Suppose z€ X and z ¢ X% . Then, there exists U € .#“(x) such that UNX € .7,
Thus U € #. Since U € & and U € #(z), by 2, U = al;,(U) = 0. This is a
contradiction, then X C X4, Therefore X = X4,

(3) = (1) Assume .Z°N.Z % {0}. Then U € .#* and U € .# such that U # ().
Then there exists * € U C X. Since X =X ={x € X : VN X ¢ & for every
Ve #x)}. Then U=UN X ¢ . Contradiction. Therefore .Z*N .7 = {0}. O

3.3 On R¢-Operator In Minimal Structure Spaces with Ideals

In section, we shall introduce the operator %, in (X, m,.#). We shall discuss the

behavior of this operator.
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Definition 3.3.1. Let (X, m,.#) be a minimal structure with an ideal. An operator

Re . P(X) — P(X) is defined as follows: for every A € P(X),
R (A) = {x € X : there exists U € .#*(x) such that U \ A € .Z}.

Theorem 3.3.2. Let (X, m,.#) be a minimal structure space with an ideal and A €

P(X), then R% (A) =X \ (X \| A).

Proof. Let x € R% (A), then there exists an a-m-open set U containing x such that
U\Ae #. ThusUN(X\A) e #. Sox ¢ (X\A)?2 and hence z € X \ (X \ A)%.
Therefore R (A4) C X \ (X \ A)%.

For the reverse inclusion, consider z € X \ (X \ A)%. Then z ¢ (X \ A)% . Thus
there exists an a-m-open set U containing « such that U N (X \ A) € .#. This implies
that U \ A € .. Hence x € R (A). So X \ (X \ A)% C R (A).

Therefore R%,(A4) = X \ (X \ A)%. O

Example 3.3.3. Let X = {a,b,c,d} with a minimal structure

m = {0,{a, b}, {b, c},{c,d},{a,d}, X} and £ = {0, {a}, {b},{a,b}}, A= {a,b}.
Then .#° = {0, {a, b}, {a,d}{b, c}, {c,d}, {a,b e}, {a,b,d}, {a,c,d}, {b,c,d}, X}
and R¢ (A) = {a,b}.

Theorem 3.3.4. Let (X, m,.#) be a minimal structure space with an ideal. Then the

following properties hold;
1. If A C X, then R (A) is a-m-open.
2. If AC B, then R, (A) C R (B).
3. If A, B C X, then R (AN B) C R (A) R (B):
4. If A, B € X, then % (A)U R (B) C RZ(AUB).
5. U € .#%, then U C R (U).
6. If A C X, then R% (A) C R% (R (A)).
7. IfACX,U € .#, then R, (A\U) =R (A).

8. f AC X, U € .7, then R (AUU) = Ra (A).
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If AC X, then R¢,(A) =R (R2 (A)) if and only if (X \ A)2 = ((X\ A4)2)2 .
If (A\B)U(B\A) € .7, then R (A) = R% (B).
If A€ .7, then R (A) =X\ X2

1. Let A C X, we know that R¢,(A) = X \ (X \ A)% and (X \ A)2 is

a-m-closed. Therefore R? (A) is a-m-open.

Let A C B, then X\ B C X\ A. By Theorem 3.2.5(2), then (X\B)? C (X\A)%
and hence X \ (X \ A)% C X \ (X \ B)%. Therefore R¢,(A4) C R (B).

. Let AABC X, then ANBC Aand ANBC B. So R:E(ANB) C R (A) and

R (AN B) C R (B). Therefore R (AN B) C N2 (A) NRE(B).

.Let AAB C X, hence AC AUB and B C AUB. So R%(A) C R: (AU B)

and R¢ (B) C £ (AU B). Therefore R (A) UR? (B) C R2 (AU B).

. Assume that U € .#". Then X \ U is a-m-closed. By Theorem 3.2.5(4.), we

get that (X \ U)% C aC,(X \U) = X \ U. Therefore U = X \ (X \ U) C
X\ (X\ V), = Re,(U).

.Let A C X. By 1, we get that R? (A) is a-m-open. By 5, we get that

R (A) € R, (R (A))-

. Let AC X, U € .#. By Theorem 3.2.5(11), we have % (A\U) = X \ (X' \ (A\

U) = X\ (X\NAYUU)E = X\ (X \ )2 Therefore e (A\ U) = R2 (A).

. Let AC X, U € .#. By Theorem 3.2.5(12), we have R% (AUJU) = X \ (X \

(AUD)g= XX N AN )5 = XA\ A)= RE(A).

. Let A C X, this follows from the facts;

i) R (A) = X V(X \A)7, and
i) R, (R, (A)) = X\ [X\ (XN (X VA)T)I = XN (X A)7)5
therefore :2 (A) = R2 (R (A)) if and only if (X \ 4)2 = ((X \ 4)2)2.

Let (A\B)U(B\A) € .# and A\B=J, B\A=K. So J K € . by
heredity. We observe that B = (A\ (A\ B))U(B\ A) = (A\ J)UK. Thus
R (A) = Re, (AN J) = R, (AN ) U K) = R7(B).
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11. Let A € .#. By Theorem 3.2.5(12), we get that R2 (A) = X \ (X \ A)¢ =
X\ X O

Theorem 3.3.5. Let (X, m,.#) be a minimal structure space with an ideal and A C X.
Then R (A) = {U e #*: U\ A€ #}.

Proof. Let H(A) =\ J{U € .#* : U\ A € .#}. We will to show that H(A) = R (A).
Assume that z € H(A) . Then there exists U € .#“(z) such that U \ A € .#. By
definition of RZ -operator, = € R% (A). Let x € R¢ (A), then there exists U € .#°(x)
such that U \ A € .#. Since U € .#“(x) C .#*, then R% (A) C H(A). O

Remark 3.3.6. Let .# = {()}. By Theorem 3.3.5, we get that % (A) = | J{U € .#“:
U\NAe{0}}=U{U e.#*:U C A} = al,,(A), for any space (X, m).

Theorem 3.3.7. Let (X, m,.#) be a minimal structure space with an ideal and A C X.
Then for any a-m-open set A of X, R (A)=U{U € .4 : (U\A)U(A\U) € .}

Proof. (=) Let H(A) =\ {U € #* : (U\A)U(A\U) € #}. Since . is heredity,
it is obvious that H(A) = (J{U € #*: (U\A)U(A\U)e Z} CU{U € 2*:
U\Ae 7} =R (A) for every A C X.

(<) Let x € R? (A), then there exists U € .#“(x) such that U \ A € .#. Let
V=UUAe . #Z" then (V\AUA\V)=U\Ac ¥ and x € V € #°. Thus
x € H(A). O

Theorem 3.3.8. Let (X, m,.#) be a minimal structure space an with ideal. If .Z* ~
&, then N2 (A)\ A€ 7, for every A C X.

Proof. Assume that #/* ~ % and A C X. If R? (A)\ A =10, then R \ A € 7.
Assume that R% (A)\ A # 0, say & € RE(A)\ A, 2 € X\ (X\A)2  thenx ¢ (X\A)2.
Then there exists U € .#*(x) such that U\ A = UnN (X \A) € #. We get that
z €U\ A Then (U\ A)n (R (A)\A) € 7. So UN(R%(A)\ A) € .#. Therefore
Ra(A)\Ae 7. O

Proposition 3.3.9. Let (X, m,.#) be a minimal structure space with an ideal, .Z“ ~ .%
and A C X. If N is a nonempty a-m-open subset of A% N R% (A), then N\ A € .¥
and NNA¢ .7.
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Proof. Assume that N C A% N R%(A) such that N € .Z% and N # (). Since
N CRe(A), then N\ AC R (A)\ A. By Theorem 3.3.8 and heredity of .#, we get
that N\ A € .#. Since N € .#°\ {0}, NC A% and A% ={z € X :UNA¢ ¥ for
every U € .#°(x)}. Therefore NN A ¢ 7. O

Corollary 3.3.10. Let (X, m,.#) be a minimal structure space with an ideal and

ACX.If M~ F, then R (R (A)) = R (A).

Proof. Assume .#Z® ~ .# and A C X. We want to show that R% (R? (A)) = R (A).
Clearly R% (A) C R (R%(A)).

Since

Re (4) € e, (A) U A
= (R4(4) UA) N (AU (X \ 4))
= AU RS, (A)N (X \ 4))
= AU (R (4)\ 4),

then R (K2 (A)) C R (AURL (A)\A)) = N2 (A). ( by Theorem 3.3.8 and 3.3.4(8)).
Therefore R¢, (R% (A)) = R% (A). O

Theorem 3.3.11. Let (X, m,.#) be a minimal structure space with an ideal and

M ~ . Then R (A) = IR (U) U € 0, R (U)\ A € S}

Proof. Let H(A) = |J{R",(U) : U € .t*, R (U)\A e S}

(=) Let « € H(A). Then there exists z € R% (U) such that U € .#“ and
R (U)\ A e .. By Theorem 3.3.4(1), we have R? (U) € #“(x). So x € R%(A).
Therefore H(A) C R% (A).

(«<=) Let z € R% (A). Then there exists U € .#*(x) such that U \ A € .Z.

Since
R (U) SRLO)U(UN(X\A))
and

X\AC(X\D)U(X\A)
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= XN ((X\U)U(X\ A))
= (X\U)UU) N ((X\U) U (X \ 4))
— (X \D)UONX\ ),

then

e (U) N A= Re,(0) 0 (X A)
C (m(U) uUn (X\A))) N ((X \U)uUn (X\A>>)
= ®RL,(U)NX\U))U(UNX\A)
= RLO)\NU)U(U\A).

By Theorem 3.3.8, ®% (U)\ U € .# and hence U \ A € .#. Therefore (R% (U)\U)U
(U\ A) € .Z by property of .#. Then R (U)\ A€ .#. Since x € U and U C R, (U),
then z € R? (U). Then z € H(A). Therefore R (A) C H(A). O

Definition 3.3.12. Let (X, m,.#) be a minimal structure space with an ideal and

A,B C X. We define AO B if (A\ B)U(B\A) € .7.

Theorem 3.3.13. Let (X,m,.#) be a minimal structure space with an ideal and

A, B C X. Then () is an equivalence relation.

Proof. 1. Since A\ A=0¢€ .#, then (A\ A)U (A\ A) € .#. Therefore A A.

II. Assume A() B, then (A\ B)U (B\ A) € 4. Since (A\ B)U (B\ A) =
(B\ A)U(A\ B) € .7, then B A.

II. Assume A () B and B() C, then (A\B)U(B\A) € .# and (B\C)U(C\B) €
J.So (A\ B)U(B\C)U(B\ A)U(C\ B) € # by property of .7.

Since

ANC=AN(X\0)
C (Au(Bm(X\C)))m((X\B)u(Bﬂ(X\C)))
=(AN(X\B)u(Bn(X\C))
— (A\ B)U(B\C)
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and

C\A=CnN(X\A
C (Cu(BAMN\A)) A(EBN (X \ 4)U(X\ B))
=(BnE\A)U(CN(X\B)
=(B\A)U(C\B),

then (4, C) U(C'\ 4) C ((A\ B)U(B\ C))U((B\ 4)U(C\B)) € ..
So (A\C)U(C\ A) € .# by additive of .#. Therefore A()C.

From I, IT and III, then () is an equivalent relation. O

Theorem 3.3.14. Let (X,m,.#) be a minimal structure space with an ideal and

A BC X.1f AQ) B then R% (A) = R (B).

Proof. Assume A() B, then (A\ B)U (B \ A) € .#. By Theorem 3.3.4(10), then
R (A) = Re(B). O

Theorem 3.3.15. Let (X,m,.#) be a minimal structure space with an ideal with

M~ I UV € .#° and Re(U) =R (V) then U V.

Proof. Since U € .#* and Theorem 3.3.4(5) U C R (U) and hence U\ V C R¢ (U)\
V=R (V)\V € . by Theorem 3.3.8 and 3.3.4(10). Then U \ V € .#. Similarly
VAU CRE(VH)\U =R (U)\U € #. So V\U € #. Then (U\V)U(V\U) € &
by additive of .#. Hence U () V. O

Theorem 3.3.16. Let (X,m,.#) be a minimal structure space with an ideal with
M~ I A B €A, and R (A) =R (B) then A B, where # = {A C X :
there exists U.€ .#“ such that AU}

Proof. Assume A, B € A, then there exists U,V € . such that AGQU and BO V.
By Theorem 3.3.14 R¢ (A) = R¢ (U) and R, (B) = R% (V). Since R, (A) = R (B),
then R¢ (U) = R% (V). By Theorem 3.3.16, we get that U (O V . Therefore A() B
by transitivity of (©). O

Proposition 3.3.17. Let (X, m,.#) be a minimal structure space with an ideal. Then

the following properties hold:
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1. If Be £\ 7, then there exists A € .#*\ {(} such that B A.

2. If . /* N7 = {(}, then B € £\ .7 if and only if there exists A € .Z*\ {0}
such that B () A.

Proof. 1. Assume B € A\ ., then B € # and B ¢ .#. So, there exists
A e .\ {0} such that (B\ A)U (A\ B) € .#. Therefore B () A.

2. Let #°N.J ={0}. (=) Assume B € £\ .7, by 1 then there exists A € .#*°
such that B () A.
(«=) Assume that there exists A € .#\ {0} such that B() A. Then (B \
A)U(A\ B) € J. So B € #A. Next, we want to show that B ¢ .. Assume
Be . letJ=B\Aand K =A)\ B.

Since

B\ J=(B\(B\A))
— (Bn(x\ (BN (X\4)))

(BAWX)\B)UA))

=(BN(X\B)U(BNA)

fu(BNA)
= BNA,

we get that

(B\J)UK =(BNnA)U(A\B)
=(BNA)UAN(X\B))
=AU(BNn(X\B))
= AU
= A.

Since B\JCBe€ . and K=A\Be ./, then A= (B\J)UK € .7. This
is a contradiction that .Z° N .% = {(}. O

Theorem 3.3.18. Let (X, m,.#) be a minimal structure space with an ideal. Then the
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following properties are equivalent:
1. .#4°NI ={0}.
2. R (0) = 0.
3. If J € .#, then R%(J) = 0.

Proof. (1) = (2) Since .#“ N % = {(}, then by Theorem 3.3.11 R% (0) = U{U €
MU e I} =0

(2) = (3) Assume that J € .#. By Theorem 3.3.4(8) and 2, we get that
(J) =RLOUJ) =R (0) = 0. Therefore R (J) = 0.

(3) = (1) Suppose A € .#*N.#, then A € .# and by 3, we get that R? (A) = 0.
Since A € .#“, by Theorem 3.3.4(5), we get that A C R (A) = (). Hence .#/*N I =
{0}. O

R

a
m

Definition 3.3.19. A subset A in a minimal structure space with an ideal (X, m, %)

is said to be Z-dense if A% = X.

Theorem 3.3.20. Let (X, m, .#) be a minimal structure space with an ideal. Then for

r e X, X\ {z} is .#%-dense if and only if R ({z}) = 0.

Proof. (=) Since X = (X \{z})%, then f = X \ X = X \ (X \ {z})% = R ({z}).
(<) Since X \ (X \ {z})2 =R% ({=x}) =0, then X = (X \ {a})%. O

3.4 a-7-open set

Definition 3.4.1. Let (X,m,.#) be a minimal structure space with an ideal and
G C X. Then, G is called an a--%-open set in X if G = () or there exists a
nonempty a-m-open K such that K \ C}(G) € Z where C(G) = GUG}, and
G, ={xre X :GNU ¢ A, for every U € m(z)}.

Example 3.4.2. Let X = {a,b,c,d} with a minimal structure

m = {0, {a,b},{b,c},{c,d},{a,d}, X} and & = {0, {a}, {b}, {a,b}}.

Then .#° = {0,{a,b},{a,d},{b,c},{c,d},{a,b,c},{a,b,d},{a,c,d}, {b,c,d}, X}.
Since A¥, = {z € X : ANU ¢ &, for every U € m(z)}, 0F, = 0, {a};, = 0,
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{035, = 0, {ch, = {ch, {d}, = {d}, {a, 0}, = 0, {a, ¢}, = {c}, {a,d};, = {d},
{b.c}y, = {ch, {b.d};, = {d}, {c.d}, = {c, d}, {a,b,¢};, = {c}, {a,b,d};, = {d},
{a,c,d}:, = {c,d}, {b,c,d}r, ={c, d}, X = X.

Then, the class of all a-.#-open sets is P(.X).

Theorem 3.4.3. Let (X, m,.#) be a minimal structure space with an ideal and G C X.
For a-.#-open subset G, in X for each a € A, then |J{G, : @ € A} is a--#-open
subset of X.

Proof. Let G, be an a-.#-open subset of X, for each a € A.
Case I, if [J{G.; o € A} =0, then | J{Ga; @ € A} is a-#-open subset of X.
Case II, if | J{G.; € A} # 0, then there exists an «; € A such that G, # (.
Since G, is a--#-open, then there exists a nonempty a-m-open subset KX of X such
that K\ C,(G,,) € Z. Since G,, C |J{Ga;a € A}, then C)(Gq,) C Ck (U{Ga; 0 €
A}, So K\ C'(U{Ga;a € A}) € K\ CF(G,,). Since K\ CF (G,,) € .#, then

7

K\ C:H(U{Ga;a € A} € F. Thus | J{Ga; @ € A} is a-7-open of X. O

Lemma 3.4.4. Let (X, m,.¥) be a minimal structure space with an ideal. Then (), X

are a-.#-open.

Proof. Clearly ) is a--#-open set.
Since C}(X) = X U X}, = X, X is a-m-open and X \ C(X) =X\ X =0 € .7,
then X is a-.#-open. [

Lemma 3.4.5. Every a-m-open set is a--# -open set.

Proof. Let G be a-m-open set.

Case I, G = (). So GG is an a--#-open set.

Case I, G # (). Then C (G) = GUG?,. Since G-C C (G) and G is a-m-open,
then G\ C};(G) = () € .#. Therefore G is a--%-open. O

Definition 3.4.6. The class of all a--#-open sets in a minimal structure space with
an ideal (X, m,.#) is denoted by O.%,(X). The a-#-interior of A is denoted by
Int,s(A) is the union of all a--#-open sets containing in A. A subset F' of X is

called a-.#-closed if its complement is a-.#-open in X. The class of all a-.#-closed
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sets in a minimal structure space with an ideal (X,m,.#) is denoted by C.Z,(X).
The a-.#-closure of a subset A of a minimal structure with an ideal (X, m,.#) is the
intersection of all a-.#-closed sets containing A. The a-.#-closure of A is denoted by

Clas(A).
Remark 3.4.7. By Lemma 3.4.5, then every a-m-closed set is an a-.#-closed set.

Theorem 3.4.8. Let (X, m,.#) be a minimal structure space with an ideal and A, B C

X. Then the following properties hold;
1. AC Cl,s(A).
2. Int,s(A) C A
3. If A C B, then Cl,,(A) C Cl,»(B).
4. If A C B, then Int,,(A) C Int,,(B)
5. Clos(A) C aCp(A).
6. al,(A) C Int,,(A).
Proof. 1. By definition Cl, »(A), then A C Cl,+(A).
2. By definition Int,,(A), then Int,,(A) C A.

3. Suppose that A C B and z ¢ Cl,,(B). Then, there exists an a-.#-closed set F
such that B C F' and = ¢ F. It follows from A C B that & Cl, ,(A).

4. Let A C B, and suppose that x € Int,,(A). Then , there exists an a-.#-open
set U such that U € A and x € U. Since A C B, we get that z. € Int,,(B).

5. Assume that @ ¢ aC,(A). Then, there exists a-m-closed F.in X such that
A C F and z ¢ F. Since every a-m-closed is a--#-closed, we get that F' is
a-#-closed. Therefore = & Cly1(A).

6. Assume that x € al,,(A). Then, there exists U such that U C A and z € U.
Since every a-m-open is a--#-open, then a-m-open U is a--#-open. Therefore

x € Intyys(A). O
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Theorem 3.4.9. Let (X, m,.#) be a minimal structure space with an ideal and A C X.
Then z € Cl,+(A) if and only if VN A # () for all V € O.#,(X) containing z.

Proof. (=) Assume V N A = () for some V € O.#,(X) containing x. Then A C
X\ V. Since V is a-.#-open, then X \ V is a--#-closed, and not containing z. We get
that = ¢ Cl,,(A). Therefore, if = € Cl,,(A) then V.0 A # () for all V € O.7,(X)
containing .

(<) Assume z ¢ Cl,,(A). Then, there exists a-.#-closed I’ such that A C F
and x ¢ F. Then X \ F is a--#-open and contain x. We get that (X \ F) N A = (.
Therefore, if VN A # () for all V € 0.7,(X) containing z, then & € Cl,+(A). O

Theorem 3.4.10. Let (X,m,.#) be a minimal structure space with an ideal and

A C X. Then the following properties hold;
1. Clay(A) =X \ [Tltaj<X\A).
2. Intyr(A) = X\ Clys (X \ A).

Proof. 1. Assume that = ¢ X \ Int,s(X \ A). Then x € Int,s(X \ A). So, there
exists V € O.7,(X) such that z € V C X \ A. Then VN A = (). By Theorem
3.4.9, we get that © ¢ Cl,,(A). Therefore Cl,,(A) € X \ Int, (X \ A).
Next, we want to show that X \ Int,.(X \ A) C Cl,s(A). Assume that
x ¢ Cluy(A). Then, there exists V. € 0.7,(X) containing « such that VNA = ().
So VC X\ A. Then z € Int, (X \ A). We get that z & X \ Int, (X \ A).
Then X \ Int,, (X \ A) € Cl,7(A). Therefore Cl,,(A) =X \ Int, (X \ A).

2. Since X \\ A € X, by 1, we get that Cl,»(X \ A) = X \ Int, (X \ (X \A4)).
Then Cl, (X \A) = X\ Intay(A). This implies that Int,,(A)= X\ Cl.s(X\
A). O

Definition 3.4.11. A mapping f : (X, mx,#) — (Y,my) is said to be a-.#-
continuous if for each x € X and each my-open K of Y containing f(z), there

exists G € O.7,(X) containing x such that f(G) C K.

Theorem 3.4.12. For a mapping f : (X, mx, ) — (Y, my), the following properties

are equivalent:
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1. f is a-#-continuous.

2. f7Y(K) is a-#-open in X for each my-open set K of Y.
3. f7YF) is a-#-closed in X for each my-closed set I of Y.
4. f(Clos(A)) € Clyy (f(A)) for each subset A of X.

5. Cl,s(f7%B)) C f~*(Cly, (B)) for each subset B of Y.

6. f~ (Intyy, (B)) C Int.,s(f~'(B)) for each subset B of Y.

Proof. (1) = (2) Let K be any my-open subset of Y and x € f~'(K). Then, there
exists G, € 0.%,(X) containing z such that f(G,) C K. We get that € G C

FUf(GL)) € FTHEK). Thus f7Y(K) = | J G,. By Theorem 3.4.3, we get that
z€f~1(K)
fYK) is a-Z-open in X.

(2) = (3) Let F' be my-closed in Y, we get that Y \ F' is my-open in Y. By 2,
we have f~Y(Y \ F) is a-#-open in X. But f~1(Y \ F) = X \ f~!(F). Therefore
f7HF) is a-F-closed in X.

(3) = (1) Let x € X and K be my-open in Y such that f(z) € K. Then Y\ K is
a-#-closed. By 3, we get that f~'(Y'\K) is a-#-closed. So f7}(K) = X\f ' (V\K)
is a-#-open, setting G := f~'(K). Now, f(G) = f(f'(K)) C K and z € G.
Therefore f is a-.#-continuous.

(1) = (6) Let BC Y and © € f'(Int,,, (B)). Then, there exists y € Int,,, (B)
such that f(z) = y. Since y € Int,,, (B), there exists my-open G such that y €
G C B. Then f(x) =y € G. By 1, there exists a--#-open U of X such that
reUand f(U)CG. SoUC f1(f(U)) C fYG) C f~4B). This implies that
x € Int,s(f~1(B)). Therefore [~ (Intyy (B)) C Int.,(f~HB)).

(6) = (1) Let = € X, and K be my-openin Y such that f(z) € K. By 6, we
gt that f-1(K) = fmi(dntyny (K))-C Iitas (F-1(K))- € FUK). Then f~1(K) —
Int,s(f7Y(K)). Now, G := f~Y(K) is a-F-open and = € f~'(K). We get that
f(G) = f(f~Y(K)) C K. Therefore f is a-.#-continuous.

(6) = (4) Let A C X. By 6, we get that [~ (Int,,, (Y\f(A))) C Int,s(f~HY\
f(A)).
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Then

X\ FHClny (F(AN) = F7H Y\ Cliny (£(A)))
= Untm, (V' f(A)))
C Intor(f (Y \f(A))
= Intos (X \ [7H(f(A)))
= X\ Clas (7 (f(A))).

So, we have Clos(A) € Clos (f71(f(A))) € f7(Cliny (f(A)). Therefore f(Clos(A)) C

F (7 (Clny (FLA)) € Cliny (£(4)).
(1) = (5) Let B C Y. By 4, we get that f(Clos (f~(B)) € Clo, (F(f(B)) €

Clyny (B). Therefore Clos(f~1(B)) € f~(f(Clas(f~1(B))) € f7(Cliny (B)).
(5) = (6) Let B C Y. By 5, we get that Cl,»(f~(Y'\B)) C f~*(Cl,n, (Y\B)).
Then

X\ Intos(f7HB)) = Clos (X \ f7(B)
= Clas(f~'(Y \ B))
C f7HClyy (Y \ B))
= [T (Y \ Inty, (B))

=X\ /' (Intm, (B))

Therefore f~'(Intmy (B)) C Intes (f~1(B)). O
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Conclusions

The aim of this thesis is to introduce the results of properties of some sets in a minimal

structure space with an ideal. And we study some properties of 6-m-open sets, a-m-

open sets in a minimal structure space with an ideal are introduced. Moreover we

have

defined a-m-local function and R? -operator in a minimal structure space with

an ideal. Some properties of their are obtained. Moreover, we introduce the notions

a-.#-open sets and a-.#-continuous. The results are as follows:

1) Let (X,m) be a minimal structure space and A, B C X. The following property

2)

3)

hold;

1.1) If A C B, then aC,,(A) C aC,,(B).
1.2) If A C B, then al,,(A) C al(B).

Let (X,m) be a minimal structure space and A C X. The following property
hold;

2.1) aCy,(aCy(A)) = aCy(A).
2.2) aly,(al,(A)) = al,,(A).

Let (X, m,.#) be a minimal structure space with an-ideal and A, B C X. The

following properties hold;
3.1) (0)2 =10.
3.2) If AC B, then A2 C B%.

3.3) For another ideal. # on X such that ¥ C _# then A% ( #,m) C
AY(F m).

3.4) A% C aC,,(A).
3.5) A% = aC,,(A%), (i.e., A% is an a-m-closed subset).

3.6) (A%)a C A%,
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5)

6)

7)
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*

3.7) A U B

*

C (AUB)

a
m*

*

3.8) (ANB)s C A4 N By,
3.9) (A\ B)y, \ By, € Ay \ By,
3.10) If A € .#, then A2 = 0.
3.11) If U € ., then A2 = (AUU)%.
3.12) If U € .#, then A% = (A\U)%.

Let (X,m,.#) be a minimal structure space with an ideal where aC} (A) =
AU A% and A, B C X. Then

4.1) aC(0) = 0.

42) AC aCx(A).

4.3) aCh(A)UaCr (B) C aCy (AU B).

4.4) aCr (A) C aC? (aCr (A)).

Let (X, m,.#) be a minimal structure space with an ideal and A, B C X. Then

5.1) If A C B, then aC?,(A) C aC} (B).

5.2) aCk (AN B) C aC(A) NaCy (B).

Let (X, m,.#) be a minimal structure space with an ideal and A subset of X.
Then the following are equivalent:

6.1) A"~ J.

6.2) If a subset A of X has a cover a-m-open sets of whose intersection with

A is in .Z, then A isin .7, in other words Aﬁj =, then A € .7.
6.3) Forevery AC X,if ANA2 =0, Ae 7.
6.4) For every A C X, A\ A% € 7.
6.5) For every A C X, if A contains no nonempty subset B with B C B?,

then A € #.

Let (X, m,.#) be a minimal structure space with an ideal, then the following

properties are equivalent:
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7.1) 4N .7 = {0}
7.2) If J € #, then al,,(J) = 0.
73) X = X2

8) Let (X, m,.#) be a minimal structure space with an ideal and A € P(X), then
R7,(A) = X\ (X )y,

9) Let (X, m,.#) be a minimal structure space with an ideal. Then the following
properties hold;
9.1) If A C X, then R (A) is a-m-open.
9.2) If A C B, then R% (A) C Ra (B).
9.3) If A, B C X, then R¢ (AN B) € Ra (4) N R (B).
9.4) If A, B C X, then R (A) URe(B) C Re (AU B).
9.5 If U € .#* , then U C R% (U).
9.6) If A C X, then R (A) C R% (]2 (A)).
9.7) If AC X, U € .#, then R (A\U) =R (A).
98) If AC X, U € &, then R: (AUU) =R (A).

9.9) If A C X, then R%(4) = R (R%(A)) if and only if (X \ A)% = (X \

9.10) If (A\B)YU (B \ A) € .7, then R2 (A) = R4 (B).

9.11) If A € .7, then R2 (4) = X \ X

10) Let (X, m,.#) be a minimal structure space with an ideal and-A C X. Then
RE(A)={Ue#°:U\Ae S}

11) Let (X, m,.#) be a minimal structure space with an ideal and A C X. Then for
any a-m-open set A of X, R4 (A)=U{U € # : (U\A)UA\U) e 7}.

12) Let (X, m,.#) be a minimal structure space an with ideal. If .#Z* ~ .7, then
R (A)\ A e 7, for every A C X.
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13) Let (X, m,.#) be a minimal structure space an with ideal, .#Z* ~ .# and A C X.
If N is a nonempty a-m-open subset of A% N R (A), then N\ A € .# and
NNA¢.J.

14) Let (X, m,.#) be a minimal structure space with an ideal and A C X. If
M ~ F then, R (R (A)) = R2(A).

15) Let (X, m, #) be a minimal structure space with an ideal and .#Z“ ~ .#. Then
R (A) = URL(U) - U e 2, RE(U) \ A € 7.

16) Let (X, m,.#) be a minimal structure space with an ideal. Then the following

properties are equivalent:

16.1) 4N .7 = {0}
16.2) R (0) = 0.
16.3) If J € ., then R% (J) = 0.
17) Let (X, m,.#) be a minimal structure space with an ideal and A, B C X. Then
the following properties hold;
17.1) AC Clos(A).
17.2) Int,y(A) C A.
17.3) If A C B, then Cl,(A) C Cloy(B).
17.4) If AC B, then Int, (A) C Int,,(B).
17.5) Clys(A) C aCr(A):
17.6) al,,(A) C Int,z(A).

18) Let (X;m,.#) be a minimal structure space with an ideal and A C X. Then
x € Ol,z(A) if and only if V.1 A #£ () for all V' € O.7,(X) containing .

19) Let (X, m,.#) be a minimal structure space with an ideal and A C X. Then the

following properties hold;

19.1) Clos(A) = X \ Int, (X \ A).

19.2) Intays(A) = X\ Clys (X \ A).
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20) For a mapping f : (X,mx,.#) — (Y, my), the following properties are

equivalent:

20.1) f is a-.#-continuous.
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